Let A be abelian variety over the function field K of a compact Riemann surface B. Fix a model f : A → B of A/K and a certain effective horizontal divisor D ⊂ A. We give a sufficient condition on the divisor D for the finiteness of the set of (S, D)-integral sections for every finite subset S ⊂ B. These integral sections σ correspond to rational points in A(K) which satisfy the geometric condition f (σ(B) ∩ D) ⊂ S. This notion is the geometric variant of integral solutions of a system of Diophantine equations. When A = A 0 × B for some complex abelian variety A 0 , we also give a certain uniform bound on the number of (S, D)-integral sections. For trivial families of abelian surfaces, a numerical criterion on D for the finiteness of (S, D)-integral sections is obtained.
Introduction
Notations. We fix throughout a compact Riemann surface B of genus g. Let K = C(B) be its function field. The letter S will denote a finite subset of B. For m ∈ N, we denote B (m) the m-th symmetric power of B. Given a smooth separated scheme X K of finite type over K, a model of X K over B is a locally finite type, proper and flat scheme X → B endowed with an isomorphism X K ≃ X K . For every P ∈ X K (K), we denote usually σ P ∈ X (B) the induced section. The symbol # stands for cardinality.
A Néron model of X K over B (cf. [2, 10.1, 1.2]) is a finite type smooth model X of X K over B satisfying the following universal property, called the Néron mapping property:
For every smooth scheme morphism Y → B, the following canonical map is a bijection Mor B (Y, X) → Mor K (Y K , X K ). (1.1) 1.1. (S, D)-integral points. In this article, we are interested in the finiteness and uniform finiteness properties of the set of (S, D)-integral sections in families of abelian varieties. For every P ∈ X K (K), let σ P : B → X be the induced section. Then P is said to be (S, D)-integral if the section σ P is (S, D)-integral.
The above definition of integral points is a geometric translation of the notion of integral solutions of systems of Diophantine equations. A general definition of integral sections in an arbitrary fibration X → B is proposed and studied in [25] .
In [23, Theorem 3.2] , Parshin proved the following very general finiteness theorem on the set of (S, D)-integral points in abelian families: Theorem 1.2 (Parshin) . Let S ⊂ B be a finite subset. Let A/K be an abelian variety and let D be an effective reduced ample divisor on A. Let D be the Zariski closure of D in the Néron model A → B of A. Assume that D does not contain any translate of nonzero abelian subvarieties of A. Then the number of (S, D)-integral points is finite modulo Tr K/C (A)(C).
By the Lang-Néron theorem (cf. [14] ), A(K)/ Tr K/C (A)(C) is an abelian group of finite rank where Tr K/C (A) is the trace of A (cf. [6] , [7] ). When A is simple, its trace is zero. When A = A 0 × K where A 0 is a complex abelian variety, we have Tr K/C (A) = A 0 .
The condition saying D does not contain any translate of nonzero abelian subvarieties of A is always verified if A is a simple abelian variety, e.g., when A is an elliptic curve.
When A/K is a nonisotrivial hyperbolic curve, we even have in the spirit of the Uniformity conjecture (cf. [4] ) a certain uniform Mordell conjecture due to Caporaso (cf. [5] , [18] ) as a consequence of her uniform version (cf. [5] ) of the celebrated Parshin-Arakelov theorem (cf. [22] , [1] ): Theorem 1.3 (Caporaso) . There exists a number M(q, g, s) ∈ N such that for every nonisotrivial minimal surface X fibered over B with smooth fibres of genus q ≥ 2 outside a finite subset S ⊂ B of cardinality s, we have #X K (K) ≤ M(q, g, s).
The goal of the article is to give criteria for the divisor D which imply the finiteness of (S, D)-integral sections for every finite subset S ⊂ B (Theorem A, Theorem B, Theorem D.(iii)). If A = A 0 × B where A 0 is a complex abelian variety, we obtain also some uniform results on the finiteness of (S, D)-integral points (Theorem D, Theorem E, Corollary B).
1.2.
Finiteness criteria in the general case. Let A/K be an abelian variety with any model f : A → B. Assume that D ⊂ A is an effective ample divisor on A. Let D be the Zariski closure of D in A. The first goal of the article is to give a general sufficient condition on D for the finiteness of the set of (S, D)-integral sections for every finite subset S ⊂ B, even without taking modulo Tr K/C (A)(C). More specifically, we obtain (cf. Section 3):
Theorem A. Let the notations be as above. Suppose that D does not contain any translate of nonzero abelian subvarieties of A. If moreover D(K) = ∅, then for every finite subset S ⊂ B, the set of (S, D)-integral sections of A is finite.
The condition D(K) = ∅ should be interpreted as the divisor D being in a very general position. In fact, we obtain the following stronger useful statement (cf. Section 3):
Theorem B. Let A/K be an abelian variety with D ⊂ A an effective ample divisor. Let P ∈ A(K) be a rational point. Assume that for every a ∈ Tr K/C (A)(C), P + a / ∈ D. Then for every finite subset S ⊂ B, the set P + Tr K/C (A)(C) contains only finitely many (S, D)-integral points of A with respect to any model A → B of A and with D being the Zariski closure of D in A.
For each a ∈ A(K) and σ ∈ A(B), the notation a + σ P will stand for the section of A → B induced by a + P ∈ A(K). We can moreover prove that (cf. Section 3):
Theorem C. Let A/K be an abelian variety with a Néron model f : A → B. Assume that D ⊂ A is an effective ample divisor on A. Let D be the Zariski closure of D in A. Let P ∈ A(K) and let σ P ∈ A(B) be the induced section. Assume D ∩(P + Tr K/C (A)(C)) = ∅. Then for r := deg B σ * P D, we have a finite morphism of complex schemes
The condition D ∩ (P + Tr K/C (A)(C)) = ∅ for some P ∈ A(K) is a reasonably mild condition on D. For example, it is always satisfied if D does not contain any rational point in A(K), i.e., if D(K) = ∅. Moreover, let Γ = A(K)/ Tr K/C (A)(C) be the Mordell-Weil group of A. Then we can see A(K) = [P i ]∈Γ P i + Tr K/C (A)(C) as a countable disjoint union of copies of Tr K/C (A)(C). Then it suffices for D to avoid one of these copies, says, P + Tr K/C (A)(C), so that P + a / ∈ D for every a ∈ Tr K/C (A)(C). If A and D are defined over C, the finiteness statement in Theorem B can be made uniform in terms of certain numerical invariants (cf. Theorem D.(ii) below).
As an application, we obtain the following result (cf. Section 3) on the topology of the intersection locus of sections with a divisor in a family of abelian varieties.
Corollary A. Let the hypotheses be as in Theorem C. Let R ⊂ Tr K/C (A)(C) ⊂ A(K) be a subset and let I(R) := ∪ a∈R f ((a + σ P )(B) ∩ D)) ⊂ B. The following hold:
(i) if R is infinite, then I(R) is Zariski dense, i.e., infinite, in B;
(ii) if R is analytically dense in a complex algebraic curve C ⊂ Tr K/C (A), then I(R) is analytically dense in B.
In fact, the proof of Corollary A in Section 3 shows a slightly stronger property than stated above.
The motivation for Corollary A is the following. Let the notations be as in Corollary A but assume Tr K/C (A) = 0 and D not containing any translate of nonzero abelian subvarieties instead of the hypothesis D ∩ (P + Tr K/C (A)(C)) = ∅ for some P ∈ A(K). Let R ′ ⊂ A(K) be any infinite subset. It is shown in [25, Theorem B ] that I(R ′ ) := ∪ P ∈R ′ f (σ P (B) ∩ D) ⊂ B has uncountably many limit points in B and cannot be even contained in any finite union of disjoint small analytic discs in B.
Suppose now that B is a smooth projective curve defined over a number field k. Let K = k(B). Let f : A → B be a nonisotrivial elliptic surface. Assume that D is the zero section of f and R ′ = {nQ : n ∈ N * } ⊂ A K (K) for some non torsion point Q ∈ A K (K). [29, Notes to chapter 3] ). In fact, results in [8] show that I(R ′ ) is even equidistributed in B(C) with respected to a certain Galois-invariant measure.
1.3. Effective criterion and uniform finiteness in trivial families. Our next motivation is the following uniform result of Noguchi-Winkelmann (cf. [21] ) on the intersection multiplicities of curves with an ample divisor in a complex abelian variety. In the other extreme situation where the abelian variety is absolutely traceless, we also have the following uniform bound of intersection multiplicities of Buium (cf. [3] ). No uniform bounds on the intersection multiplicities are known for general abelian varieties A/K in the literature. However, certain related results are recently obtained in [25] for general families of abelian varieties and for generalized (S, D)-integral sections.
The second goal of the article is to obtain the following uniform bound on the number of integral points in a constant family of abelian varieties. (i) either W is infinite or #W ≤ N(g, s, n, d); (ii) #{f ∈ W : a + Im f D, ∀a ∈ A} ≤ N(g, s, n, d); (iii) if n = 2, d > 2g − 2 and D is integral then #W ≤ N(g, s, n, d).
The case of an arbitrary effective divisor D ⊂ A × B is also treated with the tools of jet-differentials as in the proof of Theorem 1.4 as follows (cf. Theorem 5.3).
Theorem E. Let A be a complex abelian variety. Let D be an integral divisor in A × B. There exists a number M > 0 satisfying the following property. For every morphism f :
As an application, we establish in Section 5.4 the following semi-effective bound on the number of integral points of bounded denominators (see also [12] , [26, Corollary 1.8] for the case of elliptic curves and [25] , [24] for generalized integral points):
Then there exists a number H > 0 such that for any s ≥ 1 we have a semi-effective bound
As an application, we obtain a certain generic emptyness result on the set of (S, D)integral points in a trivial family of abelian varieties in Section 6 (cf. Corollary 6.1).
Preliminary lemmata on Néron models
We begin with the following lemma: 
is an injective morphism of varieties, where σ P : B → A is the corresponding section of P .
Proof. Let 
is also a closed immersion and in particular it is injective.
Similarly, the identity K-map A → A extends to a unique B-morphism h : A → A Néron by the Néron mapping property. It is clear that there exists a nonempty Zariski open subset U 2 ⊂ B above which h is a fibrewise isomorphism (again by [10, Proposition 9.6.1.(ix)]). Let U = U 1 ∩ U 2 . We claim that the map h • val b is exactly the reduction map ι b for every b ∈ U. Indeed, let P ∈ Tr K/C (A)(C) and let τ P : B → A Néron be the corresponding section. Then we must have h • σ P = τ P by the Néron mapping property and this proves h • val b = ι b . Therefore, the conclusion follows since val b is a closed immersion and the fact that
Recall the following universal property of the symmetric powers of a curve which is needed in the proof of Lemma 2.4. Lemma 2.4. Let the notations be as in Theorem A and assume furthermore that A is a Néron model of A over B. Let σ : B → A be a section and let r := deg B σ * D. Then we have deg B (a + σ) * D = r for every a ∈ Tr K/C (A)(C). Moreover, we have a well-defined morphism of complex schemes π : Tr K/C (A) → B (r) , a → σ * a D = (a + σ) * D. In the above lemma, the notation a + σ means the section of A → B associated to the rational point a
Proof of Lemma 2.4. As in Lemma 2.1, we have a B-morphism λ :
Here, τ σ : A → A denotes the translation by the rational point P σ ∈ A(K) associated to σ. Hence, we obtain a section Σ = (λ, π 2 ) :
Here π 2 : B × Tr K/C (A) → Tr K/C (A) denotes the second projection. By the assumption D(K) = ∅ and by the dimensional reason, the divisor D × Tr K/C (A) of A × Tr K/C (A) is not contained in the image of Σ. We can thus define the effective
. Indeed, fix a ∈ Tr K/C (A)(C) and consider the following commutative diagram:
Since D(K) = ∅, we have Im(a+σ) ⊂ D and Im(j a ) ⊂ R. As Σ a = a+σ and Σ a •i a = j a •Σ, we deduce the following equality of effective Cartier divisors:
Therefore, every fibre R a is an effective Cartier divisors. R is clearly a locally principal closed subscheme of B × Tr K/C (A) as it is an effective Cartier divisor. We deduce from [28, Lemma 062Y] that R is a relative effective Cartier divisor of B × Tr K/C (A)/ Tr K/C (A), i.e., R as a closed subscheme is flat over Tr K/C (A). In particular, the curves (a + σ)(B) ⊂ A are algebraically equivalent. It follows that deg B (a + σ) * D = r for every a ∈ Tr K/C (A)(C). By the universal property of the symmetric power B (r) = Hilb r B (cf. Proposition 2.2), we conclude that π : Tr K/C (A) → B (r) , a → R a = (a + σ) * D is indeed a morphism of complex schemes.
Finiteness criteria in the general case
We are in position to prove Theorem A.
Proof of Theorem A. By Theorem 1.2, the set of (S, D)-integral points is finite modulo
be the corresponding rational points of σ. Then the condition D(K) = ∅ implies by Lemma 2.4 that we have a well-defined morphism of complex schemes:
Let S i be an effective divisor of B of degree r such that supp S i ⊂ S. There are clearly only finitely many such
then W i is a Zariski closed subset of Tr K/C (A). Remark that the union of the sets P + W i is exactly the set of all (S, D)-integral points of A in the translation class modulo Tr K/C (A)(C) of P with respect to the model A → B and the divisor D.
Since Tr K/C (A) is an abelian variety, it is proper thus so is W i . Let x 0 ⊂ U be a general point. Since U ⊂ B \ S, we can consider the morphism (cf. Lemma 2.1)
Thus, the number of (S, D)-integral points in each class modulo Tr K/C (A)(C) is finite. On the other hand, as mentioned at the beginning of the proof, the set of (S, D)-integral points is finite modulo Tr K/C (A)(C). Therefore, we conclude that the number of (S, D)integral points is finite. 
On the other hand, for every section σ : B → A associated to a rational point P ∈ A(K), h • σ : B → A ′ is exactly the corresponding section of P in A ′ . Hence, it follows from
In fact, the proof of Theorem B is already contained in the above arguments.
Proof of Theorem B. Let σ P : B → A be a section. It is not hard to see that in the course of the proofs of Lemma 2.4 and of Theorem A, we only need to use the condition (a + σ P )(B) ⊂ D for every a ∈ Tr K/C (A)(C) to show that the number of (S, D)-integral sections in the translation class of σ P by the trace is finite.
On the other hand, the condition (a + σ P )(B) ⊂ D for every a ∈ Tr K/C (A)(C) is equivalent to a + P / ∈ D for every a ∈ Tr K/C (A)(C). Hence, the choice of the models A → B and D of A, D does not matter. Therefore, Theorem B is proved.
Similarly, we can deduce immediately Theorem C.
Proof of Theorem C. Lemma 2.4 and the first part in the proof of Theorem A actually show that the morphism
Since Tr K/C (A) and B (r) are proper varieties, π is in fact a proper morphism. Therefore, π is a quasi-finite proper morphism of varieties. By [10, Théorème 8.11.1], it follows that π is indeed a finite morphism as desired.
The proof of Corollary A of Theorem C can also be given now as follows.
Proof of Corollary
is a finite morphism by Theorem C. Suppose first that the set R ⊂ Tr K/C (A)(C) is infinite. It follows that the image π(R) ⊂ B (r) is also infinite. Consider the canonical finite morphism q r : B r → B (r) . Then the preimage E := q −1 r (π(R)) ⊂ B r is also infinite. Let p i : B r → B be the i-th projection for i = 1, . . . , r. It is a straightforward verification from the definition of the map π in (3.2) that
is also infinite and thus Zariski dense in B. The point (i) is thus proved. Now suppose that R is analytically dense in a complex algebraic curve C ⊂ Tr K/C (A). The argument for the point (ii) is similar as above. The image π(R) ⊂ B (r) is now analytically dense in the image complex curve π(C) ⊂ B (r) . The preimage E = q −1 r (π(R)) is also analytically dense in the curve q −1 r (π(C)). It follows that ∪ r i=1 p i (E) is analytically dense in B and the proof of (ii) and of Corollary A is therefore completed.
4. An effective criterion and a uniform finiteness in trivial families 4.1. Preliminaries. The following auxiliary lemmata are well-known. 
Since Y is a Noetherian topological space, the procedure terminates after finitely many steps (i.e., the closed subset Y i ⊂ Y i−1 is empty for some i ≥ 1). We can take n to be the maximum of the n i 's to conclude. 
Proof. The first statement is a well-known consequence of Grothendieck's theorem on Quotschemes (cf. [11, Les schémas de Hilbert]). The second statement is an application of Yoneda's lemma. Let Z = X × S Mor S (X, Y ) and consider the covariant transformation of point functors Σ : h Z → h Y given by composition:
for every S-scheme U. Here we identify naturally X(U) ≃ X U (U) and Y (U) ≃ Y U (U) by the universal property of fibre products. Observe that Σ is exactly the pairing (4.1). It is a direct verification that Σ is a natural transformation, i.e., for every S-scheme morphism q :
. Therefore, Yoneda's lemma implies that Σ is representable by an S-scheme morphism σ : Z → Y .
Two uniform lemmata on abelian varieties.
A polarization on an abelian variety is the algebraic equivalence class of an ample line bundle, or equivalently, an ample line bundle defined up to translation. Let L be an ample invertible sheaf on an abelian variety A of dimension n. Associated to L there is a canonical homomorphism φ L : A → A ∨ defined by a → τ * a L ⊗ L. We have by the Riemann-Roch theorem that h 0 (A, L) = (L n )/n!, and h i (A, L) = 0 for all i > 0 (cf. the canonical [9] for the intersection theory). Moreover, deg φ L = (L n /n!) 2 and we call this number the degree of the polarization induces by L.
We recall the following well-known result of Mumford on the moduli space of abelian varieties. Let n, d, N ≥ 1 be integers. For each Z[1/N]-scheme T , let M g,d 2 ,N (T ) be the set of isomorphism classes of triples (A, φ, j), where A is an abelian scheme over T of relative dimension n, φ is a degree d 2 polarization, and j : (Z/NZ) 2n → A[N] is an isomorphism of T -groups. We thus obtain a contravariant functor M g,d 2 ,N : We can thus view W as a subset of rational points of A(K). The strategy is to establish first a uniform bound on the canonical height associated to the symmetric ample divisor D + [−1] * D. We shall need the following uniform lemma for the proof of Theorem D. is ample whenever m ≥ m(n, d).
Notice that if n = 1, i.e., A is an elliptic curve, then we can simply take m(n, d) = 3.
Proof of Lemma 4.4. We consider a parameter space of n-dimensional abelian varieties π : A → T which is also an abelian scheme over T , i.e., it is equipped with a zero section e : T → A, an inverse morphism [−1] : A × T A → A and an associative abelian sum morphism σ : A × T A → A. Let D be the universal effective ample divisor of degree d on A. For example, we can take A, D to be respectively the universal abelian scheme with large enough level structure N and the universal ample divisor of degree As T 1 contains only a finite number of irreducible components, we can suppose that T 1 is irreducible to simplify the notations without affecting the uniform conclusion on m(n, d). We continue the above procedure for T 1 and for the abelian scheme π 1 : A 1 → T 1 and for and D 1 = D| T 1 , where π 1 = π| π −1 T 1 and A 1 = π −1 T 1 . We then obtain a closed subset T 2 ⊂ T 1 (which we can again assume irreducible without loss of generality) and a constant m 1 and so on. In this ways, we obtain a sequence of integers m i ≥ 1 and a sequence of decreasing closed subsets T 0 = T ⊃ T 1 ⊃ · · · such that the divisor
is relatively ample over T \ T p+1 . Notice that dim T i+1 < dim T i for every i. It follows that the sequence (T i ) i is finite, i.e., T q+1 = ∅ for some integer q ≥ 0. It suffices to set m = m(n, d) = 1 + max 0≤i≤q m i to see that
is ample for every t ∈ T and the conclusion follows. Now let A be a complex abelian variety of dimension n. Let L be an effective ample numerical class of divisors on A of degree d = L n /n!. For each finite subset S ⊂ B and every effective divisor D ∈ L, let Z(S, D) be the set of nonconstant morphisms f : B → A such that f −1 (D) ⊂ S. In the theorem below, the notation D ≥ 0 means that D is an effective divisor. As an application, we show that: N W (g,n,d) . Therefore, the canonical height of such points with respect to the symmetric ample divisor D + [−1] * D is bounded uniformly above by m(n, d)sM N W (g, n, d). We can thus conclude by a standard argument using the Lenstra Counting Lemma [27, Lemma 6] applied to the lattice A(K)/A(C) and the canonical positive definite quadratic form associated to D + [−1] * D (cf. [13] and [12] ). A(n, d 2 , N) .
In what follows, we denote A = A(n, d 2 , N) × Y and T 1 = M n,d 2 ,N × Y . Let T 2 be a coarse moduli space of curves of genus g with the universal curve C → T 2 .
Let T = T 1 × T 2 and let p 1 , p 2 be respectively the first and second projection. Up to making the base change p 1 : T → T 1 for A, D, T 1 and p 2 : T → T 2 for C, σ, T 2 , we can
then M is a quasi-projective T -scheme by the standard Hilbert scheme theory. The Hilbert polynomial is calculated using the line bundle O(D). Now for each i = 1, . . . , s, consider the image ∆ i of the following closed immersion of T -schemes (diagonal morphisms)
whereĈ i denotes the omitted i-th copy of C in the fibre product C s T . Let ∆ = ∪ 1≤i≤s ∆ i be a closed subset of C × T C s T . Consider the following map Ψ :
We claim that Ψ is a morphism of quasi-projective T -schemes. Indeed, Ψ is a composition of the following T -morphisms: Moreover, from (4.2) and the definitions of T 1 and T 2 , Theorem 1.4 implies that there exists t ∈ T such that some translate of such f belongs to M t . On the other hand, the constructions of Ψ, Σ and of the set E which satisfies (4.3) imply that either there are at most N 1 (g, s, n, d) translates of f that belong to W or either there are an infinite number of them. By Theorem B, the latter case is excluded if no translates of Im f are contained in D . This allows us to conclude the first two statements (i) and (ii) by setting N(g, s, n, d) = N 1 (g, s, n, d)(2 m(n, d)sM N W (g, n, d) + 1) 4ng .
For the last statement (iii), suppose that n = 2, d > 2g − 2 and that D is an integral curve. If g = 0 then B ≃ P 1 . Since abelian varieties do not contain rational curves, every morphism P 1 → A is constant and thus #W = 0. Suppose now that g ≥ 1. Since the canonical divisor K A of A is trivial, we deduce from the adjunction formula that
Therefore, the Riemann-Roch theorem for curves implies that any algebraic morphism f : B → D must be constant. It follows that for any non constant morphism f ∈ W , no translates of Im f can be contained in D. Hence, W must be finite by (ii) and we can conclude from (i) that #W ≤ N(g, s, n, d).
5.
A semi-effective bound on the number of integral points 5.1. Jet differentials. Let V be a complex algebraic variety. Following Noguchi's notations, for each integer k ≥ 1, we regard the k-jets over a point x ∈ V as morphisms from Spec C{t}/(t k+1 ) to V sending the geometric point of Spec C{t}/(t k+1 ) to x. The k-jet space is defined as J k (V ) = Mor(Spec C{t}/(t k+1 ), V ). We denote by m(k) the maximal ideal (t) of C{t}/(t k+1 ). When V is a complex manifold, the space of k-jets is defined similarly using local charts and holomorphic germs of maps C → V . If Y is a closed complex subspace of a complex manifold X, then J k (Y ) is a naturally defined closed complex subspace of J k (X) for every k ∈ N. See [21] for more details. Proof. We regard Z as a complex space then since f is a biholomorphism, f (Y ) is also a complex closed subspace of Z. As Z is quasi-projective, there exists an algebraic immersion φ : Z → P n for some integer n ≥ 1. Let T be the analytic closure of f (Y ) in P n (C). Since f (Y ) is analytically closed in Z, T ∩ Z = f (Y ). By Chow's theorem (cf. [20, Theorem 1.1.3]), T is an algebraic closed subvariety of P n (C). It follows that f (Y ) = T ∩ Z is also an algebraic closed subvariety of Z.
5.2.
Intersection multiplicities with general divisors in constant families. We mention here without proof the following well-known property. Adopting the approach of Noguchi-Winkelmann in the proof Theorem 1.4, we obtain the following uniform result (Theorem E) on local intersection multiplicities in the setting of a general divisor in a constant family of abelian varieties. 
Proof. Let π : A × B → B be the canonical projection. Let G = J(B) be the Jacobian variety of B and fix an embedding B → G. For complex spaces X, Y and for every integer n ≥ 1, we have a canonical identification J n (X × Y ) = J n (X) × J n (Y ). Let m(n) be the maximal ideal of C{t}/(t n+1 ). Then by the exponential map, we have a natural holomorphic trivialization of the n-th jet bundle of A (cf. [21, Proposition 3.11] ):
Similarly, we have J n (G) ≃ G × (m(n) ⊗ Lie G). This makes J n (A) and J n (G) become algebraic subvarieties since for example m(n) ⊗ Lie A ≃ C n dim A is algebraic.
Let φ : B → A be an algebraic morphism. Then φ induces canonically a homomorphism φ : G → A and a morphism d nφ : J n (G) → J n (A). Moreover, since morphisms from G to A lift canonically to homomorphisms of the associated Lie algebras, there exists a canonical linear map ϕ φ : Lie G → Lie A (as Lie A, Lie G are commutative) which is independent of n and such that (cf. [21, Lemma 4.1] ):
is compatible with d nφ , i.e., such that the following diagram is commutative:
Notice that the linear map ϕ φ determines the morphism φ up to a translation of A. By abuse of notations, we denote simply dφ : Lie G → Lie A the linear map ϕ φ for every morphism φ :
Consider the algebraic variety T := B × B D × V where the morphism D → B is induced by the projection π : A × B → B. We have natural inclusions of closed complex spaces:
Using the trivializations of J n (A), J n (G), the sets J n (D) and J n (B) can be regarded respectively as closed algebraic subvarieties of D × (m(n) ⊗ (Lie A × Lie G)) and B × (m(n) ⊗ Lie G) (cf. Lemma 5.1). For each integer n ≥ 1, define
We claim that W n is a closed algebraic subset of T for every n ≥ 1. Indeed, we have the valuation morphism V × Lie G → Lie A, (ϕ, v) → ϕ(v) which is clearly algebraic. Consider the following T -morphism of algebraic varieties Clearly, it suffices to prove that the image of the map 
for any holomorphic germ map f :
Clearly, this is just a reformulation of the local condition:
It follows that (b, d, ϕ) ∈ W n and thus W n+1 ⊂ W n as desired.
Therefore, since the Zariski topology is Noetherian, the sequence (W n ) n≥1 is stationary for n ≥ M for some integer M ≥ 1. If a morphism f :
The conclusion thus follows.
5.3.
Semi-effective bound for integral points with varying divisors. We remark the following elementary standard lemma that we omit the proof.
Lemma 5.4. Let X be a complex proper algebraic variety and let D be an effective integral divisor on X. For every morphism f : B → X, we have:
We continue a comparison result for the positivity of divisors.
Lemma 5.5. Let A be a complex abelian variety. Let D ⊂ A × B be an effective integral divisor such that D K is ample. Let b 0 ∈ B. Then D = D b 0 is an ample divisor on A and there exists N, c > 0 such that for every morphism f : B → A andf = f × Id B , we have: 
The second inequality follows from the fact thatf * B is reduced and transverse to every Since D is ample, mD dominates a symmetric ample divisor D 0 on A for some integer m ≥ 1. We identify each f ∈ W (s, D) with the associated rational point P f ∈ A(K). Let H = m(NM + c). Then the canonical height of P f in A(K) with respect to D 0 , which is given by deg B f * O(D 0 ) and is invariant to the translation class of f , is bounded from the above by sH by (5.4) . A standard counting argument on the lattice A(K)/A(C) (remark that all torsion points of A(K) belong to A(C)) using the Lenstra Counting Lemma [27, Lemma 6] completes the proof (cf. [13] and [12] ).
An application on the generic emptyness of integral sections
Let A be a complex abelian variety. Let A = A × B and let D ⊂ A be an effective divisor such that D K is ample. The following result says that the set of (S, D)-integral points on A is empty for a general choice of the finite subset S ⊂ B. Moreover, there are much less integral points as the size s = #S of S goes to infinity. More precisely, the result says that for each s ∈ N, the space of subsets S ⊂ B of cardinality s such that there exists (S, D)-integral points lies in a closed subspace of dimension at most dim A in the s-dimensional parameter space B (s) . 
